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For a certain class of discrete approximation operators B/ defined on an interval
I and including, e.g., the Bernstein polynomials, we prove that for all f'e C(J), the
ordinary moduli of continuity of B/ and f satisfy

(B h) < co(f; h), n=1,2,.,0<h<oo,

with a universal constant ¢>0. A similar result is shown to hold for a different
modulus of continuity which is suitable for functions of polynomial growth on
unbounded intervals. Some special operators are discussed in this connection.
© 1988 Academic Press, Inc,

1. INTRODUCTION

When investigating the approximation quality of certain smooth
approximations of a Wiener process, it is important to control (uniformly)
the modulus of continuity of the smooth process [15, 16]. So far kernel
approximation operators with L -kernels were studied, where the kernels
have bounded support, say [ —1, 1 ], and integrate to one. For a function
fe C(R), a kernel approximation operator is defined by

K;j(x)z%jKGb;t) 1) d, b>0 and xe[0, 17.

Using the substitution rule, the modulus of continuity of K{ may be
estimated as follows. If w(f;-), w(K{; -), respectively, denote the moduli of
continuity [12, p. 517 of fon [—1,2] and of K on [0, 1], then

o(Kf;h)<cw(f;h), forall h>0and all be(0,1], (1)

¢>0 being a constant (e.g, c=|K]|,) For discrete approximation
operators an inequality like (1) is not so immediate. Actually, in [4,
326

0021-9045/88 $3.00

Copyright © 1988 by Academic Press, Inc.
All rights of reproduction in any form reserved.



UNIFORM MODULUS OF CONTINUITY 327

Sect. 3.2] Bloom and Elliot say that even for Bernstein polynomials the
optimal (uniform) estimate (like (1)) of their modulus of continuity is not
known (e.g., when fe Lip(u; C[0, 1]), see formula (3.5) of [4]}.

It is the aim of this paper to derive an inequality like (1) for a certain
class of discrete (and essentially positive) approximation operators, which
include, e.g., the Bernstein polynomials, the Szasz-Mirakjan operators
[13, 17], or the Baskakov operators [2]. To be more precise, we consider
on a given interval I for functions f'e C(J) the approximating functions

Bl(x)=} J&0) pin(x), for xel, ne N, with

JE€Jp

J.eZ, ¢elforneN, jeld,. (2)

If the “weights” p,,(x) satisfy the assumptions (the most important case of
our main result below)

p/n(x)>09 z pjn(x)E,la 0<.u2n(x)='>: (éjn-x)zpjn{x)<ma

j€Jn jedn

and pjn(x) € CI(I) W1th pjrn(x) :u2n(x) = pjn('x)(éjn - x)a for X€ 107 (3)

then we shall prove that

o(BL; h)<co(f;h), forallhz0andallneN withc=4. (1

(If nothing specific is said, the modulus of continuity refers to the interval
I, i.e, where fand B/ are defined.) Observe also, that up to the constant ¢
the inequality (1’) cannot be improved if B/ — f as n — oo, and in that case
we must have ¢ > 1. Approximation operators satisfying (3) occur, e.g, if
the {p,(x)} are the n-fold convolutions of a lattice distribution {p,(x)}
which satisfy (3) (for n=1) as discussed in {7,9, 18, 19]. A rather com-
plete bibliography concerning approximation operators of Bernstein type
was provided by Gonska and Meier [10].

In order to obtain an inequality of type (1) one could try to estimate
B/, (x). But even in the case of Bernstein polynomials, i.c.,

&= Jin, p,-,,<x>=(;) W =x) 7, I=[0,1], o) =x(1 —xY/m, (4)

neither the standard inequality [11, Sect. 1.4] |B/, (x)| <nw(f; 1/n) nor
the inequality |BZ, (x)| < ((1/h)+ pon(x) ") w(f; h) for h>0, xe(0, 1)
{(which can be derived from [3,p.695]), nor a related result by Dit-
zian [ 57 leads to an inequality of type (1'). But, if the inequality on B/, {x)
of [3, p. 6957 together with the inequality
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[ )2 dr] <20y—x| min{u,(x) V2 ()2 (5)
giving:  |BJ(x)— BJ(y)|

<1y =l 0(f3h) (42 (min{un(x) % 3) 7)) )

is combined appropriately with the approximation quality of the Bernstein
polynomials, namely with

B0 =1 < (1453 ) o fs () )

(compare the proof of Popoviciu’s Theorem 1.6.1 in [11] or [14]) for
a>0, xe(0, 1), then one gets (1’) with a constant c<4 (e.g., ¢ =669/169
with a =13/9). Observe that this derivation requires (5) essentially, which
does not hold for the Baskakov operators, e.g. Our proof below uses
neither the approximation quality nor any estimate of p,,(x) like (5).

Besides our main result (Theorem 1) we derive similar estimates for a
modified modulus of continuity in case that the interval I is infinite
(Theorem 2). Moreover, a detailed discussion of special operators can be
found in Section 3. ‘

2. RESULTS

THEOREM 1. Let there be given an operator of type (2), such that the
weights p,(x) satisfy

z pjn(x)Esrn Z ipjn(x)|<cla

jeJn €I

ol (x) 1= X, (§u— %) | plx)] < 00,

jedn

and p;, e C;(I) with Y, |(£,,—x) piu(x)| < ¢y, for all

j€Jn
xel, neN. (3"
Then, for any fe C(I), we have
o(BL; k)< co(fi h), forall h =0, and all ne N with
c=2(c, +¢3), (1)
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where w(B/; -) resp. o(f; -) denote the moduli of continuity of B/ resp. f on L
Remark 1. (i) Observe that the last inequality of (3') follows from

| D) S €2 1(jn = X) Pl XN/ H2al(x), for jed,, if [uy,| (x)>0, (6]

and this holds with ¢, =1 under the assumptions (3).

(ii) The constant ¢ (which is =4 in the most important case (3), when
c¢y=c,=1) can certainly be improved for special operators (e.g., for the
Bernstein operators as discussed in the introduction). But it is not clear
what the best possible constant is. Actually, if (3} holds and if, eg,
I12[0,4], 0eJ,, po,(0)=1 with po,(h)—>0, and 2 o, pulh) > 1/2 as
n— oo for 0<h<a (which may be derived, e.g., from the central limit
theorem), then the constant ¢ must be >3/2. Since, consider functions
g=g(x;e)givenby g(0)=1,g=00n [g, h—c], g{x)= —1forx>h and g
linear and continuous on [0, ¢] resp. [#—¢, #], and let A(s)=h—¢ Then

lim sup o(B];h)o(f;h)> lim lim (B(0)— Bi(h(z)))=3/2,

n—oc feC()

for all 0<h<|l.

Proof. By (3') our assertion follows immediately {rom the following
inequality, which we shall derive, ie.,

|BI(x) — By <w(f: h) { S o) = o)l

Jj € Jn

% o pmial

T m—tizh2
for all neN, £>0, and all x, yel with |x— y|<h (7
Now, let x, yel be given, neN, A>0 with O0<y—x<h, and put

xo=(x-+ y)/2. For the proof of (7) we use a well known property of the
modulus of continuity [11, p. 20], ie.,

lt—7]

|f(z)—f(r)|<<1+[ ]) o(f: h), for h>0,t,tel, (8)

and the inequality

[E—xol/IE—1 <2, for te[x, y] whenever | — x4l Zh= y—x. (9)
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Then, since 3 ;. p;,(x) is constant by (3'), we obtain

IB() ~ B =| % (&)~ S (pa0) = 2ul))|  (by )
<ot 3 {s[ B 1 a
<oUih | X 194(0)= 2,0

D GRS rAG! dt}

X |&n—xol = A
and this is < the right-hand side of (7) by (9). |

Remark 2. Instead of estimating the summands of the right-hand side
of (7) uniformly by 2¢, resp. 2¢,, one can obtain the following nonuniform
bounds using essentially the Cauchy-Schwarz inequality, provided that (3')
and (6) hold (compare [11] and (5)):

¥ l:u1n| (
an(x)_Pn(y)|<C dt \C
jez;,, g’ g 2 x | (8) 2 |u2n| ([
for x, yel, neN, and
2| 2\ 17 1ol (1)
2 (1) ’-ntldt‘<c (-) dt'
h L I-fjn—tzlzhﬂ % Pt} *\h x [Ha2al (1)

for x, ye, h>0, neN, and a > 2, where

|#an‘ (t)= Z |§jn_t|oc lpjn(l)la

jedy

whenever it exists. Observe that the first inequality is “useful” only if
|y—x| is small compared to n Y* (since |pi,| (2)/|1tan (2) =
(Ipt2,] (8)/1 14} (£))** by Holder’s inequality, and this tends to oo in the most
“relevant” examples); while the second inequality may be used if » is large
compared to 1/ (since |u,,| (2)/|12,] (2) tends to zero as n — oo for > 2 in
“most” examples).

Of course, Theorem 1 is “useful” only if w(f; k) < co, which is satisfied
for a compact interval I But in case that the interval is infinite the
assumption [f(x)—f(y) <w(f;|x—y|)< o for x, yel implies that the
growth of | f(x)| at infinity is limited by ¢ - |x|. To overcome this restriction
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we choose a different modulus of continuity, which allows us to deal with
functions of polynomial growth. Our modulus of continuity is essentially
the same as the one which can be found in Achieser [1, p.2017. In the
following we use the assumption /e C,(I), which means

sup | f(O)l/(1+1t])* <0,  feC(]), where g >0. (10}

tel

For those functions we consider the modulus of continuity 2, defined by
Q(fshy=sup{|f()— fO/(L+ e +Iel)7: e, v el [t—| <h}. (11)
We need a result analogous to (8), which reads for 2, as follows:

l£—1]

o<1+ 52 ) a2+ 20y 2
for t,tel h>0. (12)

In order to verify this define m: =1+ [|r—1|/A]eN for t<7 and let
t,=t+vh, v=0,.,m—1, t,=1. Then, we obtain

1011 < 3 1) =fie 0 (Tt

<mQ(f; )1+ 218 + 22|

v=1

since |f,,—t,,_ | <h and since Q_(f; ) is increasing in A.

THEOREM 2. Let there be given an operator of type (2} and a constant
o 20, such that the weights p,(x) satisfy (3') and

ol ()= Y &= X7 phl0)l Seslt +[x1)%,
[&m—xt>1
for all x e I, ne N with some constant ¢, = c,(¢) > 0. (13}

Then, for any fe C,(I), we have

QABL )< cQ,(f; h), forallh>0and allneN
2_0\%a+1
3) 7

with ¢ = c(o‘) = 2,((;1 + C2) 5° +f§_<

(1”1’}
Proof. We follow the lines of the proof of Theorem 1. So, let x, y el be

given, ne N, h> 0, with 0 < y— x <A, and put x,=(x+ y)/2. We consider

A=|Blx)— BI(y)/(1 + |x| +|y])° Using (3') and (12) we get
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_ ey 2 =)
4=| 5 ) st G
, = o T /42180 +20x0\ [ 17
SQ"U”'),Q{”[ ; :”( T X+ 1)1 ) I ”""(”d”
XN D VR |
&l <201+ x|+ | p]) [l =201 + x| + 1 y])
—Q,(f; I+ 1T},

For I observe that 1+42(&,|+2]xo) <S5+4|x|+4|py]+2]x,| <501+
lx| + | y|) (since |xo| < (Ix| +|y|)/2), hence

<5y {1 + [Ié’”h;x"l]} ‘Ly Py(t) dt

JjeJdn

<57 2(c;+cy)

by the proof of Theorem 1. The second term IT can be treated as follows.
For [{,|>2(1+|x|+|y]) we have (with A':=y—x<h) |, —x|>
|nl =1%ol > 2(1 + x| + | ¥1) — Ixo| > max{2 + 3|x,|, 3k/2}; hence, [&,|>
2+4xol, €, —xol >max{2, '}, §<4(I€,] —4]x,|), which implies 1+
208l + 210l <218,] + 21x0l +§ < R(1E5| = 30|} < R1E) — 3] and 1+
Ix| + |y =1+ |t for x<t< y. Altogether we obtain

103 &= %ol] {7 |Pult)]
n<(3) Gl {1+ Ol
3 |&m — xol gﬂax{z.h'} / ’ h x (]. + |t|)

(observe |&;, — x| = 3h'/2)

5 [10\° ’
<si(3) T el [

T3m\3 [&jn — xo0l > max{2,h’'} « (1+]1])°
o (20>” ’ |Pi(1)
Sl e Z |£'n“‘l|a+1 jn adl‘
3\ 3 L | — xo| > max{2,k'} ! (1 + 'tl)

using (3') and (9) with A’ instead of A. Since |£,, — x,| >max{2, A’} implies
that [£,—17|>1 for x<r<y, we get II<(c3/2)(3)° "' by (13), which
proves Theorem 2. J

Remark 3. (i) Observe that (13) follows, e.g., from (6) and from
¢
Y 1= X7  pi(x)] <c—3 (1+[x])% |20l (x), (13’)
|&n—x]>1 2

which holds in our examples (i)-(iii) below.
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(ii) Finally, we remark shortly how to handle approximation
operators which do not have a constant sum of weights, as there are, e.g.,
the Favard operators (see next section). The proofs of Theorems ! and 2
show immediately that under the same assumptions (excep? the constancy
of the sum of weights) the following estimates (with the same constant ¢)
hold:

w(B; kY < co(f; h) + cdo*(h);  resp. (1%)
Q. (B R) < eQ(f; h)+ clw*(h), (1%%)

where ¢/ =sup{|f(x)|:xel}, c/=sup{|f(x)/(1+|x])": xel}, and where
w*(h) denotes the “uniform” modulus of continuity of the sum of the
weights, ie.,

S,,(X) = Z pjn(x)s

jedn

w*(h)y=sup{|s,(x) —s,():x, yel |x— yI<hneN}.

3. DISCUSSION OF SPECIAL OPERATORS

Many positive approximation operators are based on probability dis-
tributions. Here we prove an auxiliary result (to derive assumption (13} of
Theorem 2) for operators where the weights p,(x) are the n-fold comn-
volution of a discrete distribution on 1. To be more precise, we assume that

{pn(x)} = {pu(x)}*", &,,=j/n, where { p,(x), xe I} is a lattice
distribution concentrated on some set J<=ZnI with
S (j—x)"py(x)<oo for all xel, where the sum converges
uniformly on compact subsets of I for some NeN; and
P € Cr(d), pan(x) Piy(x) = pa(x)(j= ), a:(6) = 5 (F=x)ps(x)
>0 for xef. (14)

From these assumptions the following properties of the p,(x) follow by

71

Pl x) =2 (E— x)* Pi(x) exists for all xel, k=0, .., 2N, and
the sum converges uniformly and absoclutely on compact subsets
of I, pulx)20, pox)=1, pp(x) =0, pp(x}) = uy(x)/n;
P € CiI)  with  pp,(x) piu(x) = (& — %) PinlX);  Hra(x) =
Zggzl] av(x) nV7k’ a, € R[ﬂZl(x)’ e .ukl(x)]’ v = L s {k/zl
k=2,.. N. (15)

640/54/3-7
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A direct consequence of these results is

b € CiIy With py () = (pgn(X) + ki1 (X)) poy(x)/n for
k=1,.,2N—1; and pg,(x) is a polynomial of degree < [k/2]
resp. k£ whenever u,,(x) is a polynomial of degree =1 resp.=2. (16)

LemMa. If (14) holds, then (3) (and hence (3') with ¢;=c,=1) holds.
Moreover, if in addition p,(x) is a polynomial of degree 1 or 2, then (13)
holds for all 0 <o <2N—2.

Proof. Assume o€ [0,2m], me {0,1,.., N—1}, and let K>0 be suf-
ficiently large. Then, by (15) and Hélder’s inequality,

&= X7 Pin(0) = 20 1&n = X172 piul(x) Han(x)

S—— (U2 (x))(2+a)/(2m+2)
:u2n(x) ks

and this is <c(1+x)? for |x|=K if p,(x) has degree2, and
<es(1+ |x])7? < es(1 + |x])° for |x| = K if p,,(x) has degree 1 by (16) and
(15). Moreover, we have

Z Igjn—x|a+l |P;/'n(x)| < Mo 4 2,0(X) Upn(X) < €3

1En—xlz1
on the compact interval [ — K, K] by (15) and (16). |

Remark 4. Observe that the constant ¢; = c;(¢) occurring in (13) may
be estimated explicitly in our examples (i)}-(iv) below, but we omit this
rather tedious calculation.

ExaMpLES. (i) Bernstein polynomials [11], defined by (4). Now, (14)
holds with /=0, 1] and so Theorem 1 applies with ¢ =4.

(i) Szasz-Mirakjan operators [13,17], defined by ¢, =j/n,
Ppulx) = e X(mx)[jl, xeI=[0, 00), jeJ,=No with 1,(x)=x/n ({p(x)}
is the Poisson distribution with parameter A=x). Again (14) holds and
Theorem 1 applies with ¢ =4. Moreover, by the Lemma, Theorem 2 applies
for all 60 with ¢c=4-5° +1c4(c)(20/3)°*! and with c;(¢) according to
(13) (compare Remark 4).

(iii) Baskakov operators [2], defined by

En=Jim, Pjn(x)=<n+;_1) x/(1+x)"",

xel=[0, ©), jeJo,=N,
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with 1, (x)=x(1+x)/n ({py(x)} is the geometric distribution with
parameter ¢ =x/(1 +x)). As in example (ii) Theorem 1 applies with ¢ =4
and Theorem 2 applies for all o >0 with the corresponding ¢. By a change
of variable x —» y/(1 + y) in the Baskakov operator we obtain the so-called
Meyer—Konig—Zeller operator with &, = j/(j+n) [18,20].

(iv) Generalized Favard operators [8], defined by

. i (j—nx)?
Cn=ln  pux)= exp (——~—
! ! no, .\ /2n 2n*a?

with 6,>0, xelI=R, jeJ,=7. (62=1/2n, A>0 corresponds to the
“classical” Favard operators [6].) Now, 3 p;(x) is not constant so that
Theorems 1 and 2 can be applied only in connection with Remark 3. By [8§,
formula (1.3)] we have

f Pn(x)=1+r,(x) with

F=—

rx)=2 Y cos(2rvnx)exp(—2n*vn’s2).

v=1
Moreover, we have

pj"n(x) = (ﬁjn _x) p/n(x)/o-fn
tu'k+ 1.n(x) - Gi(ﬂ;(n(x) + k:uk~— l,n(x))a k = 19 29

{compare (15) and (16)) and this yields

nuOn(x)ZlJrrn(x)s uln(x}zgﬁr;l(xL #Zn(x)zgi(1+rn(x)+
gir;:(x))’ and,qu,n(x) Sdko-;zzk(l + Zk 0.2v §r£12V)(x)l)7k = 1a 29 ceey

v=0"n

with certain positive constants 4. {(17)

Finally, we obtain from the representation of r,{x) that

=}

) b,
|I‘;:‘)(XN < 2(27‘m)k z ka:l < 2(27m)k “——W d;‘w

~

k=1,2, .,

v=1
where

m!

b, = exp(—2nn%02) < —g s,
n exp( 27'[ n O-n) (27[2"20.2)711

for m=1,2, ..

with certain positive constants d, (e.g., dy=42,=1, d,=2). (18)
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Now, assume that the following assumption holds (compare [8]):

N log n log 2

o> 22 for n=2, ez 3.2 (19)
This implies b, < 1/n, b, <1/2, thus by (17) and (18)
b,
ijn(x)<1+|rn(x)|<1+21_b <39
, 5 5 , 2b,
S 1€ =) ()l = )/} <3 4 03 202 (=< 6T,

and

b,
Irn(x)—rn(y)lésuplr;(t)l-Ix—y|<2-27m( b)zlx yI<16zm|x — yl.

Hence, under assumption (19), the assertion (1*) of Remark 3 holds with
¢=140 and w*(h)=167-h.
To derive (13) we assume additionally that

02<p, for all neN and some f>0. (20)

Then ¢2*~2< p*~! and

O.zv ’r;(12V)(x), < 2(2nn)2v 32" . O'ﬁv < 23v+2 azv

b
(1 _bn)2v+1

by (18). Hence g, ,(x) < d¥o? with certain positive constants d¥ by (17)
and this yields (13) for all ¢ > 0.

Thus, under assumptions (19) and (20), the assertion (1**) of Remark 3
holds with ¢ = ¢(o) according to Theorem 2 (¢, + ¢, =70) for ali ¢ > 0.
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